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abstract 

The fuzzy disc, introduced by the authors of [1], is a disc-shaped region in a noncommutative 
plane, and is a fuzzy approximation of a commutative disc. In this paper we show that one 
can introduce a concept of angles to the fuzzy disc, by using the phase operator and phase 
states known in quantum optics. We gave a description of a fuzzy disc in terms of operators 
and their commutation relations, and studied properties of angular projection operators. A 
similar construction for a fuzzy annulus is also given. As an application, we constructed fan- 
shaped soliton solutions of a scalar field theory on a fuzzy disc, which corresponds to a fan- 
shaped D-brane. We also applied this concept to the theory of noncommutative gravity that 
we proposed in [5]. In addition, possible connections to black hole microstates, holography 
and an experimental test of noncommutativity by laser physics are suggested. 
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1 Introduction 

Noncommutative geometry and its applications to field theories have been extensively investi- 
gated for a long time. Naive motivation for them would come from how we should quantize 
spacetime. Although there is no reliable answer for this question, the concept of quantum 
geometry and the physics related to it seem very fascinating. 

It is known that there are nontrivial solutions for a theory on such a noncommutative space 
in spite that it does not have any nontrivial solution in its commutative limit. The GMS 
soliton, which is the solution of a scalar field theory on a three-dimensional spacetime with 
noncommutativity between spatial coordinates, is a well-known example for that [3]. There the 
noncommutativity is introduced by the "canonical" commutation relation [x, y] = i9, where x 
and y are spatial coordinates and is a parameter that governs the noncommutativity of the 
space which is known as the Moyal plane. In finding nontrivial solutions, projection operators 
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are essential. The operators of the form | n ) ( n | are frequently used, where | n ) is an eigenstate 
of the number operator IV = a^a. When considering a scalar field as a tachyon on a non-BPS 
D2-brane, it is known that such a noncommutative soliton corresponds to a DO-brane [HEllG]. 

In 0, we applied the GMS solitons to a (2 + l)-dimensional gravity on a Moyal plane that 
has a cosmological constant term only, which means that it does not have the Ricci scalar 
term. Nevertheless, there do exit nontrivial solutions in the theory when the noncommutativity 
between the space coordinates is imposed. In particular, we found a solution whose geometry is 
a disc in a noncommutative Minkowski spacetime with the metric |2] 

G^. = I ) ( I + I 1 ) ( 1 1 + • • • + I iV - 1 ) ( - 1 1 ) . (1.1) 

Apart from the metric, this spacetime is equivalent to a fuzzy disc, which was first referred 
in [H El [S] . The fuzzy disc is a disc-shaped region in a Moyal plane and is a fuzzy approximation 
of a commutative disc by matrices with finite degrees of freedom. The algebra is a subalgebra of 
the one characterizing the Moyal plane with a * product and depends on the size of the matrices 
N and the noncommutative parameter 9. It was introduced for describing the quantum Hall 
effect as a Chern-Simon theory on that space. The behavior of a fuzzy disc in various limits are 
investigated in [U El [8]. For example, they took the limit of — t- oo and 9^0 with N9 fixed, 
which corresponds to recovering a commutative disc. 

In this respect, the fuzzy disc is a fascinating arena where gravity, condensed matter and 
D-branes meet together. However, most of the consideration so far were based on the number 
operator and projection operators | n) which are circular symmetric. On the other hand, 
as far as finding nontrivial solutions we mentioned above, we can use any kind of projection 
operators, as is already referred in [3j. 

Now we explain what we would like to do in this paper. The main issue of this paper is to 
address how a concept of angles is introduced to the fuzzy disc. We will show that there is a well- 
defined notion of the "angle" operator (p on a fuzzy disc, which is known as the phase operator 
suggested by Pegg and Barnett in quantum optics |^. Together with the number operator A^, we 
characterize a fuzzy disc by certain commutation relations. The corresponding angle states make 
possible to define another class of projection operators, angular projection operators | ipm ) { \ , 
which are used to construct noncommutative solitons without circular symmetry. These angular 
projection operators are linear combinations of N projection operators |0)(0|, |1)(1|, 
I — 1 ) ( — 1 1 , and they pick up fan-shaped regions along a particular discretized direction 
in a fuzzy disc, as opposed to \n) {n\. 

As far as we know, this is the first usage of "angles" in a fuzzy disc. Although we mainly 
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focus on finding new noncommutative soliton solutions of field theories, it gives a new viewpoint 
to understand tlie geometry on a fuzzy disc. In fact, this point of view connects the degrees of 
freedom of the boundary of a disc to those of its bulk as opposed to dividing the disc concen- 
trically by the operators with circular symmetry. This is why the concept of angles is thought 
to suggest the idea that fuzzy discs are useful in various fields in physics such as the quantum 
hall effect or black hole microstates, where the "bulk-boundary correspondence" plays a impor- 
tant role. We will briefly mention these issues and in addition, we will refer a possibility of an 
experiment concerning the fuzzy disc by means of laser physics. 

The organization of this paper is as follows. In the next section, we review the fuzzy disc 
introduced by the authors of [UITIIH]. In Sec. 3, we introduce the concept of angles to the fuzzy 
disc, by reinterpreting the phase operator of Pegg and Barnett [9l ll0l[mil2j . Then we define the 
angular projection operators and study their properties. We also refer a fuzzy annulus, which is a 
fuzzy disc with a hole in its center and is one of the variations of fuzzy discs. In Sec. 4, we consider 
several applications. First, a scalar field theory on a (2 + l)-dimensional noncommutative space 
is considered. The large-noncommutativity limit of the equation of motion for that theory is 
derived and new fan-shaped soliton solutions are shown. Second, we consider a gravitational 
theory on the noncommutative spacetime that we gave in [2]. The last section is for discussions 
and some implications on possible applications of fuzzy discs to black hole micro states and a 
realization of fuzzy objects in laser physics. 

2 Review of the Fuzzy Disc 

The fuzzy disc was first introduced in [H EJ [8], which is a disc-shaped region in the two- 
dimensional Moyal plane. This is also a fuzzy approximation of the ordinary (i.e., commutative) 
two-dimensional disc by replacing functions on it with finite N x N matrices. 

2.1 Moyal plane 

Let us start with a Moyal plane, which is a flat space with noncommutative coordinates satisfying 
the Heisenberg commutation relatiorFl 



X and y, acting on a Hilbert space n = f = span{| ) , I 1 ) , • • • }. Here as in standard quantum 
^ The parameter of noncommutativity 6 we use through this paper is twice as large as the one used in [l]. 





The algebra of functions on this noncommutative plane is an operator algebra A generated by 
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mechanics, | n) is an eigenstate of the number operator 

N\n) = n\n), N = a)a, (2.2) 

where the creation and annihilation operators are defined as 

x + iy x-iy 
" = a' = — (2.3) 



Then, any operator is expressed by the matrix elements in this basis as 



oo 

E 

m,n=0 



0= V 0™„|m)(n|, (2.4) 



where Omn is a c-number. 



Instead of working with operators, one can also consider functions on the commutative plane 
but with a deformed noncommutative product -k by means of the Weyl-Wigner correspondence. 
It associates an operator Of{x,y) with a function f{x,y) such that an operator product is 
equivalent to a deformed product as OfOg = Of^g. On the contrary, any operator has its 
corresponding function (symbol). But note that there is an ambiguity in this correspondence 
due to operator ordering. This implies an ambiguity in defining a deformed product. For 
instance, operators with the Weyl ordering used in [3] are mapped to functions with the Moyal 
product, while operators with the normal ordering are mapped to functions with the Wick-Voros 
product. Both of the orderings are equivalent. We adopt the normal ordering through this paper 

following m El i8] g 

To be more precise, let us consider a normal-ordered operator / that is expanded in terms 
of the creation and annihilation operators as 



oo 



E /-n"^'"""- (2-5) 

m,n=0 



The symbol map based on the Weyl-Wigner correspondence associates / to a function / as 

f{z,z) = {z\f\z), (2.6) 



where \ z) is a coherent state satisfying a\ z) = (z/v 2^) \ z). Then, a product of two operators 
/ ^ is expressed by the Wick-Voros product 



if*g)iz,z) = e^'^-'^^"f{z'rz')g{z\-z")U=,,=,„. (2.7) 



^ The symbol used in is known as the Laguerre-Gaussian function in laser physics. We will comment on 
this issue in the discussion. 
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As an example, let us consider a set of orthogonal projection operators 

p„ = |n)(n| (n = 0,l,---), (2.8) 

which satisfy pin = Pm and 

PmPn — ^mnPn- (2-9) 

The corresponding function to the projection operator p„ is given by 

Pn{r) = {z\n){n\z) = e 26--^^^, (2.10) 
where we used the following equations; 

(z\n) = e~is = (2.11) 

2 ~n 

{n\z) = e~ig , =■ (2.12) 

We note that the function pn (r) depends on the radial coordinate r only, where 

z = x + iy = re''^. (2.13) 
Conversely, any circular-symmetric operator / can be expanded by {pq,P\-, • • • } as 

oo 
n=0 

where fn is a c-number. Note that the decomposition of the operators on a Moyal plane by 
{po,Pi, • "} is the concentric description of the functions. Also, as the projection operators 
satisfies the completeness condition 

oo 

J2Pn = h (2.15) 

n=0 

we can recover the whole Moyal plane by summing all of the projection operators. 
2.2 Fuzzy disc 

A fuzzy disc is defined as a subalgebra of an operator algebra ^ on a Moyal plane by restricting 
to TV X iV matrices in the number basis. It is obtained by the projection = PnAPn through 
the rank N projection operator, 

N-l 

PN='^Pn=PO-\ \-PN-l- (2-16) 

n=0 
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Figure 1: The fuzzy disc for = 10,6* = 1 (left) and N = 100,61 = 0.1 (right). 



Any operator has the form Pn/Pn for f €z A. Note that this operator P/v plays the role of the 
identity operator Iat in An- The projection operator also has its corresponding function; 

where r(n, x) is the incomplete gamma function. This function is roughly a radial step function 
that picks up a disc-shaped region around the origin z = with radius R = \/2N9. This is the 
reason why the authors of fT] called An as a fuzzy disc. The fuzzy discs with = 10, 9 = 1 
and with N = 100, = 0.1 are shown in Figure [T] 

However, as emphasized in [1], An is isomorphic to the matrix algebra and any fuzzy space 
is isomorphic to it so that it is not apparent that the space is actually a disc-shaped when one 
works with the matrix algebra. To overcome this difficulty, the authors of [I] investigated the 
behavior of a fuzzy disc by taking various limits, and claimed that the disc should be recognized 
in the correlated limit of 6 and N keeping the radius R fixed. 

First, they considered the commutative limit — )• with finite N fixed. As the radius 
of a fuzzy disc is given by i? = V2N9, this limit makes the fuzzy disc to a one point in the 
two-dimensional space, which is shown in Figure [2| 

Second, they took N ^ oo with finite 9 fixed. As 9 is not zero, the space is still non- 
commutative. Then we see the whole Moyal plane is reproduced, which is shown in Figure [3| 



One more limit they investigated is that — )• oo and — )• with N9 fixed. This corre- 
sponds to the situation where the radius of the disc does not change and the noncommutativity 
disappears. So we obtain a disc with finite radius and commutative space coordinates. This 
feature appears in the slope of the fuzzy disc. As shown in Figure [4j the slope of the boundary 
of the fuzzy disc becomes steeper and steeper as — )• oo and — )• as explained in [Ij. The 
disc becomes the flat and finite region with radius R = ^/2N9. 
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They also referred to the edge state in the same paper. The edge state is a locahzed state of 
a quantum system with boundary. The most famous example of that would be the edge state 
in the quantum Hall effect. As is well known, the Hall conductivity is quantized so exactly that 
it is thought to come from the topological origin of the boundary of the system. In particular 
cases, the behaviors of the boundary determine the whole systems and this is known as the 
bulk-boundary correspondence [T^ [H]. The fuzzy disc has this edge state as one of its states 
and the relation between the edge states and the noncommutativity is discussed. 

3 Angles in the Fuzzy Disc and Angular Projection Operators 

In this section, we introduce the notion of angles to the fuzzy disc. After briefly reviewing the 
phase operator developed in quantum optics, we show that this operator can be regarded as the 
appropriate angle operator. Then, we focus on new angular projection operators corresponding 
to fan-shaped regions. 

3.1 Pegg-Barnett's Phase Operator 

Here we would like to give a short review of the phase operator suggested by Pegg and Barnett, 
following [15]. 

In the quantum theory of electromagnetic fields, it is known and widely used that there is 
an uncertainty relation ANAip > 1/2 for the photon number and the phase. Historically, Dirac 
first referred such a relation, by assuming that there is a Hermitian operator (p which satisfies a 
canonical commutation relation |16j . 

[N,^]=i, (3.1) 
where is the photon-number operator and ip is the phase operator that corresponds to a 




Figure 2: The section of the fuzzy disc for = 4, 6* = 1 (left) and for A^ = 4, 6* = 0.01 (right). 
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Figure 3: The section of the fuzzy disc for N = 4,6 = 1 (left) and N = 10, 9 = 1 (right). 



c- number ip which appears in the classical radiation field a = vN e'^'^ |17| [TH] . If there is such a 
Hermitian operator, a unitary operator exp(i(^) also exists, but Susskind and Glogower showed 
that there is not such a unitary operator, therefore a Hermitian operator corresponding to 
does not exist, either [TT] . 

To see this, let us consider the polar decomposition of the photon annihilation operator 



(3.2) 



where S is the shift operator defined by S\n) = | n + 1 ) for all n. On the other hand, its 
Hermitian conjugate satisfies 



St 



n , 



n-1) (n>l), 
(n = 0). 



(3.3) 



Clearly it leads S'^ S = 1 but SS'^ = 1 — |0) (0| ^ 1. Thus, S can not be unitary (such an 
operator is called an isometry in operator algebraic language). This means that there is neither 




Figure 4: The section of the fuzzy disc for = 1,^ = 1 (red, dotted), N = 10,0 = 0.1 (green, 
dashed) and N = 100,6* = 0.01 (blue, solid). 
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the Hermitian operator (p nor the unitary operator of the form S = exp(—i(p). 

In spite of the absence of a Hermitian operator, Loudon gave an appropriate phase state | 93 ) 
associated with a phase (p as a hnear combination of eigenstates of the number operator as |18j , 

N-l 

\^) = Mm y e*"^|n). (3.4) 

* n=0 

Along this hne, the construction of a phase operator had been thought to be impossible, but 
Pegg and Barnett changed this situation [21 [TUl [TT] . 

They claimed that there is a well-defined phase operator if the Hilbert space is restricted to 
its finite dimensional subspace. Let Hn = span{| 0) , • • • , | — 1 )} be such a subspace. They 
first defined a phase state whose eigenvalue is (/?o as 

N-l 

l^o) = 7^E^"''"|n). (3.5) 

^ n=0 

Then it is easy to find the other {N — 1) states | ipm ) that satisfy ( ipm \ ^n) = 5mn as 

N-l 

where 



n=0 



27r 

^m = '^o + j^rn (m = 0, 1,--- ,iV- 1). (3.7) 

Thereby a set of N states {| (/^o ) , 1 9?i ) , • • • , | '■Pn-i )} forms an orthonormal basis for the A^- 
dimensional subspace Hn- By using them, one can define a phase operator 

N-l 

= ^ I V^m) (y^m I , (3.8) 
m=0 

which is a Hermitian operator acting on T-Ln- It can be expanded by the number states as 

(A^- l)7r\ 27r ^ e^^n'-n)<pQ 



^=W^ + + iV E ,^-.^in'-n)|N _ ^ 1^0 ( H • (3-9) 

Inversely, the expansion of | n ) by | ) is given by 

iV-l 

- J^e--^-|^^). (3.10) 

m=0 

The Hermitian operator (p allows to define an unitary operator 

U = exp(i;(^), (3.11) 



N-l 

i 

n: 
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where its eigenstates are | ipm ) with eigenvalues e"^™ for m = 0,l,-- - ,A^ — 1. When acting on 
the number basis \ n) {n = 1, 2, • • • , A^ — 1), this operator behaves as the (inverse) shift operator, 
while we have C/ | ) = e*^'^'^ | — 1 ). That is, [/ is a cyclic operator, 

[/ = |0)(l| + |l)(2| + -- - + |iV-2)(iV-l| + e'^'P" I - 1 ) ( I . (3.12) 

In this sense, the singularity for the shift operator S at n = is resolved. 

In the Pegg-Barnett formalism, all quantities are initially defined and calculated on the finite 
dimensional Hilbert space T-Ln, and then the N ^ oo limit has to be taken. It has been argued 
and tested that this formalism leads to physically admissible results for various quantum states 
of the radiation field [ISl EQl EH [22] . 



3.2 Angles in the fuzzy disc 

The construction of the phase states and the phase operator in the previous section can be 
straightforwardly applicable to our setting on a fuzzy disc. On the contrary to quantum optics, 
we regard this phase as an angle in a Moyal plane. From now on, we call the states as angle 
states rather than phase states. Thus we define the angle states in the Hilbert space 1-Ln = 
PnT~{- = span{| ) , • • • , | — 1 )} of a fuzzy disc as 

N-l 

i 



and the angle operator as 



Here the eigenvalues 



1 y-gmv.^ux (3.13) 

n=0 



N-l 

(f = (Pm\V>m) {Vm\ ■ (3-14) 

m=0 



2tt 

Vm = ^m (m = 0,l,--- ,A^-1), (3.15) 



are A^ discrete angles that are uniformly distributed in the interval [0, 27r], and evidently periodic 
(Pm+N = ^m- They are thus a fuzzy approximation of the continuous angles in a commutative 
disc. We have set (/?o = as compared to the previous subsection for simplicity. Note also that 
there is no problem to take N ^ oo limit at this stage, because a fuzzy disc is defined for a 
finite A^, as opposed to quantum optics. 

Next let us define the number operator restricted to T-Ln = span{ |0),-- - ,|A^ — 1)} as 

N~l 

N = ^n|n) (n|, (3.16) 

n=0 
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using the same symbol as in the whole Hilbert space T-l = P. It is regarded as the radial 
coordinate on a fuzzy disc (more precisely, the radial coordinate operator should be defined as 
f = ^26^.). 

Since the original Moyal plane is noncommutative, these two coordinate operators N and 
are noncommuting with each other, but the form of their commutation relation is rather 
complicated. In order to express the noncommutativity, it is more instructive to introduce two 
more operators as 



N-l N-1 



V := if ^ = e*^" I n ) ( n | = ^ | ) ( | , (3.17) 

n=0 m=0 

N-l N-l 

U:=e'^= Y,e'^^\^m){^m\ = ^ |n-l)(n|, (3.18) 

m=0 n=0 

where the latter U is already given in the previous subsection. To prove each equality in these 
equations, the relation between two orthonormal basis 

(n| ^^) = -^e-^- (3.19) 

in "Hat, and an identity 

7V-1 



^ e^^^" = iV5,,o. (3.20) 



n=0 

for all /c G {0, • • • , — 1} are frequently usecj^ 

These operators V and U are unitary and are idempotent = tj^ = Iat. As seen from 
the last expression in (3.17), V acts on the angle states as a unit shift, i.e., the rotation of the 
disc, while U behave as a radial shift operator. It is easy to show the following commutation 
relations of the operators we encountered: 

[N^IJ] = -U + NUpQ, [^,y] = ^y, lJV = e^VU. (3.21) 

They express the noncommutative structure related to the fuzzy disc, but the first one would 
be the defining commutation relation for the fuzzy disc. This is because any operator that has 
angle-dependence only is generated by tj (not (^) of the form / = X]£o^ fkU'^. Then, —iN acts 
on it essentially as a "(/3-derivative" : —i[N, f] = '}2k=o ^^fkU^ + " " " ) where • • • are corrections 
due to the po term in the commutation relation. This is the discrete analogue of the quantum 
mechanics on S^. On the other hand, on a disc, it is natural to consider radial operators that 



^ In the last expression in (3.18 1, the n — Q term should be understood as | —1 ) := | A'' ~ 1 ). But it is just for 
a notational simplicity, and this does not mean any periodicity in the number basis as opposed to the angle basis. 
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Figure 5: The functions tTq (left) and tt\ (right) for = 3. 




Figure 6: The function (left) and all functions vr^ s (right). 



are (^-independent and generated by r = V2eN rather than V f\ In fact, if we denote the 
combination of and U as 

z = uVtoSi = e'^f, (3.22) 
then it satisfies the commutation relation 

[z,z^] = 2e{l-NpN-i), (3.23) 

which corresponding to the relation [z, z]^ = 29 for the Wick-Voros product. The pn~i term 
originates from the po term above. It guarantees that the commutator is traceless Tr[z, z^ = 0. 
Note also Upo = pn^iU . They suggest that the anomalous terms correspond to the edge state 
I — 1 ) . The use of these operators would be useful to analyze the structure of fuzzy discs 
further, but we do not proceed in this paper and we focus on angular projection operators. 

3.3 Angular projection operators 

In the Hilbert space T-Lni let us define an angular projection operator 

N-l 

^k:=\Vk){Vk\ = j^ e*(— (3.24) 

m,n=0 

* Besides, if the radial direction is also periodic, then the third commutation relation becomes the basic one, 
which is nothing but the defining relation for the fuzzy torus. 
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that picks up a particular eigenstate | v^fc ) of the angle operator. Because of the orthonormality 
of the angle states, these projections are orthogonal each other: 

VTfcVTi = Skm. (3.25) 

We also denote it as tt^^ when we would like to emphasize that it is an operator acting on 
the A^-dimensional Hilbert space T-Ln- By the Weyl-Wigner correspondence, the corresponding 
function TTkir, (p) on a plane to the angular projection operator vTfc is obtained as 

N-l 

where we used the polar coordinates z = re**^. It is a real function in accordance with a 
Hermitian projection operator. 

As for the projection operators pn, the sum of all angular projection operators % for a given 
N satisfies the completeness relation in the Hilbert space T-Ln- That is, 

= 1^ = TTo + --- + TTN^l. (3.27) 

By the Weyl-Wigner correspondence, it also maps to a function, which is the radial "step 



function" with radius R = V2N9 on the plane given in (2.17). 



The fuzzy disc can be considered as a set of N points with each point having a unit area 



2tt9. The two completeness relations in (3.27) correspond to two different decompositions of the 
same fuzzy disc into N points. In the former case, a "point" has roughly a shape of annulus 
distinguished by its radius, while in the latter case, a point is distinguished by its angle. Let us 
see how a "point" is distributed on the plane by the Weyl-Wigner correspondence. 

In Figure [5] and [g] we show the profiles of three functions tTq^^ vr^^ and tt^^ for = 3. In the 
right figure of Figure [6| we draw these three functions simultaneously (not the sum of them) , 
i.e., the feet of them overlap each other, therefore, at each point (r, (^) only the maximal value 
among them is visible. This shows that there are three peaks, which are separated by 27r/3 each 
other in the angular direction. This behavior is valid for an arbitrary N, that is, the disc is 
divided into N fan-shaped regions according to N functions, in which each function is peaked 
at the angle ip = ipf.. In Figure [7] and [8j the case of = 7 and 15 are shown. 

One can also repeat the analysis in §2 in considering three limits, but in the way of distin- 
guishing each point. 

1. ^ — 7- with A^ fixed: the point limit 

This limit is the small radius limit. As shown in Figure [9j each fan-shaped point shrinks 
to the origin but there are still distinguished A^ points. 
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Figure 7: All functions vr^ s for N = 7 (left) and for = 15 (right). We set 6 = 1 here. 




2. — )• oo with 6 fixed: the noncommutative plane limit 

This limit corresponds to the large radius limit with increasing the degrees of freedom A^ 
as we have seen in Figure [7] where the N = 7 and A^ = 15 cases were given. However, 
because of the problem of the phase operator at A^ — )■ oo, whether this limit recovers the 
full Moyal plane should be justified by more careful analysis. 

3. A^ — )• oo and 0—7-0 with NO fixed: the commutative disc limit 

In this limit, the radius R = \/2Nd of the disc is fixed but the noncommutativity disap- 



pears. Thus we will obtain the commutative disc. As shown in Figure 10, the number of 
points increases as A^ grows, and the area shared by a point decreases. 

We conclude this section by a remark. As we have already stated, the fuzzy disc is a collection 
of A^ points, and a point given by an angular projection operator corresponds to a fan-shaped 
region, just like cutting a cake into A^ pieces. This is contrasted to a point given by a radial 
projection operator, similar to a baum-kuchen. Our cutting would be useful to applying the fuzzy 
disc to some physical models, such as the quantization of physical quantities on the boundary, 
e.g., the edge states [131 [111 [23l [Ml or black holes [25j. This is because the holography is naturally 
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Figure 9: All of the six functions for = 6, ^ = 1 (left) and for = 6, 6* = 0.1 (right). 





Figure 10: All of the four functions for N = 4,9 = 1 (left) and four of the twelve functions for 
N = 12,9 = 1 (center) whose peaks are in the same positions as in the left figure. The right 
figure shows all of the twelve functions for A^ = 12, 6* = 1/3. 

realized in this picture, i.e., the degrees of freedom on the boundary is equal to that of the entire 
disc. This issue is left for a future work. 

3.4 Fuzzy annulus 

Here we point out that a fuzzy annulus can be constructed in a similar manner as a fuzzy disc. 
Let us consider a A^-dimensional subspace HfJ := span{| M ) , \ M + 1) , ■ ■ ■ ,|M + A^ — 1)} of 
the Hilbert space, starting at | M ) for a given M > 0. On the whole Hilbert space 7^ = it is 
defined by the projection operator 

Pn '■= PM + PM+1 H h PM+N-1, (3.28) 

and evidently the subalgebra P^^AP^^ oi N x N matrices represents a fuzzy annulus with an 
inner radius R- = \^2M9 and an outer radius -R+ = \/2{N + M)9. The corresponding function 



N 

defined as 



P^^(r) on the plane is shown in Figure 111 Similar to the fuzzy disc, the A" angle states are 



^ ^ e*"^'" |M + n) , (3.29) 

^ n=0 
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Figure 11: The fuzzy annulus and the cross section of it for M = 100, = 10 and 9 = 0.1. 



where ^prn = 7^""^ ("^ = 0)1)''' ^-I's the same as before. We wiU refer such fuzzy objects 

including a fuzzy annulus further in the coming paper |26j . 



4 Applications 

4.1 Angular Noncommutative Solitons in Scalar Field Theory 

As the first application of the arguments so far, we would like to consider a scalar field theory 
on a fuzzy disc, which is the fuzzy disc version of [3]. For a scalar field ^{z,z) defined on the 
fuzzy disc with radius R = V2N6, its energy functional is given bj|^ 

E = 1 (fz K(^). (4.1) 

Here the potential is a polynomial 

= ^^*^ + ^«'*^*$ + --- , (4.2) 

of the field $ with respect to the Wick-Voros product, and ^^.'s are constants. Note that the 
field $ is also considered to be a finite Hermitian matrix ^> in the number basis via the 
Weyl-Wigner correspondence. Our argument here is valid even for — )• oo, that is, the Moyal 
plane case. 

The energy functional is extremized by solutions of the following equation of motion 

= = 62^ + * + ^4^ * ^ * H (4.3) 



^ In [3], the authors obtained this energy functional by taking a limit of large noncommutativity; 6 00 
and rewriting it in the rescaled coordinates. The kinetic term, which is usually contained in the action, becomes 
negligible compared with the potential term by this operation. 
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In the commutative case (that is, 9 = 0), it admits only constant solutions because of the 
absence of the kinetic term: ^{z, z) = A*, where A* is one of the various extrema of the function 
V{x), i.e., a real root of the algebraic equation, + b^x"^ + b^x'^ + • • • = 0. On the contrary, 
for nonzero 9, there do exist nontrivial solutions whose energy densities are localized in some 
regions. In fact, associated with any projection operator e or its symbol e{z,z), which satisfies 
e ★ e = e, 

<^ = X^e{z,z), (4.4) 

is a solution. This is a straightforward application of the argument given in [3] to the fuzzy disc 
case. 

The point here is that we can choose (sum of) the angular projection operators vr^'s. Namely, 
$ = A*7rfc(r,(^) = ^ y »(m-n)(y,-y) ^4^5^ 

m,n=0 V V / 



solves (4.3) for k = 0,1, ■ ■ ■ , N — 1. We call it as an angular soliton solution. As we have seen. 



it shares the unit fun-shaped area in the disc. By using the correspondence 

cfz o 27r6lTr7v, (4.6) 



ID 

and using that fck is rank 1, it is shown that this solution carries the energy 

E = J (fzV,iX,)7rk{r,ip) = 27r0K(A*). (4.7) 

On the Moyal plane, the scalar field theory can be regarded as an effective theory for the 
tachyon field on a non-BPS D2-brane, and the solution $ = A=kP„ based on the projection 
operator p„ can be identified as a single BPS DO-brane [HE], because of the rank of p„ is 1. In 
this respect, our angular soliton <I> = A^vr^ has the same energy as a DO-brane, but its shape is 
completely different. As far as we know, we have not had the D-branes with such a kind of shape 
before. In the commutative disc limit, it would correspond to the Neumann boundary condition 
along the radial direction, and to the Dirichlet boundary condition ip = ipk the angle, more 
likely to a D-string with interval < r < i?. It is interesting to show that such a configuration 
is admitted as a background in superstring theory, carrying the correct DO-brane charge. 

4.2 Angular Noncommutative Solitons in Gravity 

As the second application, we would like to consider the gravitational system we referred in [2]. 
We exploit the first order formulation of a three-dimensional theory of gravity on a noncommu- 
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tative which has a cosmological constant term only, 



S 



A 

1^2 



dtd^z E* 



(4.8) 



(4.9) 



where A is a cosmological constant. Here E* is the ^-determinant defined by 

E* = deUE = y^^-Peab,E^^ ^E^^ E^, 

where £'^(z,z) is a vielbein. We denote spacetime indices by /i, z^, /O and tangent space indices 
by a, 6, c. All indices run from to 2. The metric is also defined through the star product in a 
similar way [271128]: 

(4.10) 



G^v — - [E't-k El + El-k E^^] r]ab 



where rjab is an 50(1, 2) invariant metric of the local Lorentz frame. We do not assume that E'^ 
or G^y are invertible as 3 x 3 matrices, that is, we allow degenerate metrics. From this action, 
we obtain 9 equations of motions for ^/i and [2j, 



e>'''Peai,c{ElEl}, = Q, 



(4.11) 



where we used the star-anticommutator defined by {/, g}^, = \{f g + g f)- 

In [2], we gave various kinds of non-trivial solutions for ( 4.11[ ), but all of them are based on 
the radial projection operators pn- By replacing p„ with the angular projection operators tt^, 
various new kinds of solutions can be obtained. We here give an example of them. 

The simplest solution is a diagonal vielbein where three components are proportional to 
angular projection operators such as 



(El 



\ 
El 
V El J 



/ w 














(N) 



(4.12) 



a2TT2 I 



where ao, ol\ and 02 are arbitrary constants. Any three different choices among tTq , vr-j^ 



(TV) (N) 



AN) 



or three linear combinations of them can be solutions as long as they are orthogonal among them. 



For the example above with = 3, the metric (4.10) is given by 



J 2 2 (3) 1,2 , 2 (3) , 2 I 2 (3) , 2 

as = —OqiTTq at +a^7r^ ax + a27r2 ay , 



(4.13) 



where 



vrf^(r, if) 



1 2/ 

3 



2r 



1 + 



+ + V2cos[2((^ - ypf )]} + ^ cos((/. - (^f ) + 



r 



(4.14) 
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Figure 12: The ordinary (commutative) Ricci scalar and the Kretchmann invariant for the hne 
element (4.13). We set ao = "i = "2 = 1 and 6 = 1. 



Note that tt^^^ is idempotent with respect to the Wick-Voros product. Considering this metric 
as an ordinary (that is, commutative) one, one can formally construct several quantities such as 



the Riemann tensor. This is possible because the function (4.14) is non-zero everywhere, and 
the ordinary commutative product is written by using the Wick-Voros product [2J. On the other 



hand, the metric itself (4.13) is not invertible with respect to the Wick-Voros product. Figure 12 



shows the ordinary Ricci scalar and the Kretchmann invariant for the metric (4.13), respectively. 
Both quantities are almost flat in the disc region but diverge outside the disc, which suggest 
that the spacetime corresponding to this solution is a fuzzy disc with radius R = \/6^. They 
also diverge around three points, where it^\tt^'' and n^'' have their peaks. These divergences 
would be artifacts due to the bad choices of the observables, and would be resolved if we define 
more admissible quantities. We emphasize that a fuzzy disc is a emergent space in this model, 
that is, its size is not a parameter of the theory but a parameter of a solution. 



5 Conclusion and Discussion 

In this paper, we investigated the fuzzy disc by introducing the concept of angles. By defining 
the angle states | (pm ) and the angle operator ip, which are known as the phase states and the 
phase operator in quantum optics, we reformulate the N x N matrix algebra for the fuzzy disc 
as the commutation relations among the operators tp, N, U and V. The angle states were also 
used to divide a fuzzy disc into fan-shaped regions. This type of division of a fuzzy disc has not 
been considered so far. 

As an application, we found a noncommutative angular soliton for a scalar field theory on 
a fuzzy disc, where a fan-shaped region can be regarded as a D-brane. A D-brane with such 
a shape had not been found till we mentioned here. It needs further study to support on this 



20 



point. The extensions of angular solitons to exact angular solitons and multi-angular solitons 
are possible. 

As a generalization, we also described briefly the fuzzy annulus and the angle states for it. If 
there are orthonormal states, one can construct the angle states. Because of this, there is a lot 
of possibility of applications of these kinds of constructions for fuzzy objects. For example, if we 
choose two sets of states, {|0),|1),-- - ,|A^-l)}and|M),|M + l),-- - ,|M + iV-l) with 
N < M, we obtain a disjoint union of a fuzzy disc and a fuzzy annulus. One can also constitute 
two sets of the angle states. Because two sets are orthogonal with each other, they form 2N 
orthogonal angle states. Applied to noncommutative gravity, this configuration corresponds to 
two regions in the Minkowski spacetime. This might be an interesting setup when it is extend 
to higher dimensional gravity or cosmology. 

In particular, the application of the fuzzy disc or other fuzzy objects to investigate of the 
microstates of a black hole would be interesting, because the feature of holography is encoded 
in this setting. To this end, we would have to understand the edge states in this setup further. 

As a concluding remark, we refer a possibility to relate noncommutative theories to experi- 
ments. The solutions of a scalar field theory in a noncommutative space, e.g., the GMS solitons, 
are written in terms of the function known as the Laguerre-Gaussian function in quantum optics 
or laser physics. The Laguerre-Gaussian function is the solution of the Helmholtz equation with 
cylindrical symmetry in the three-dimensional space. One can actually make the laser beam 
expressed by this kind of function with the Gaussian profile radially to the direction along a 
beam goes. The profile along this direction is arbitrary and the point where the spread of the 
beam is narrowest is called "the waist" from its shape. The size of this waist corresponds to the 
magnitude of the noncommutativity parameter 6 when we assign the noncommutative solitons 
to the cross section of the Laguerre-Gaussian beam. If this assignment is justified, the intensity 
of the beam corresponds to the height of the noncommutative solitons. Going one-step further, 
we might be able to say something about quantum gravity by certain experiments with laser, 
because a noncommutative theory could be an effective theory of quantum gravity. This is a 
very exciting issue. 
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